The self-similar equilibrium models of self-gravitating, rotating, isothermal systems are investigated analytically. In these models the rotation velocity is constant and the density varies as
INTRODUCTION
Understanding the equilibrium structure of self-gravitating isothermal systems is a fundamental issue in astrophysics. In star-forming regions many structures have been identified from sheets, to filaments, to elongated clumps (Kulkarni & Heiles 1988; Jijina, Myers, & Adams 1999) . By some analytical solutions, the hydrostatic equilibrium of these structures have been studied previously (Shu 1992; Ostriker 1964) . Several authors, however, investigated the problem by numerical techniques so as to include the effects of rotation and magnetic fields (see, e.g., Fiege & Pudritz 2000; Curry 2000; Tomisaka, Ikeuchi, & Nakamura 1988) . Many models of newborn stars built upon these equilibrium configurations (e.g., Kiguchi et al. 1987) . Also, there is a close analogy between gaseous self-gravitating equilibrium objects and collisionless stellar systems (see, e.g., Binney & Tremaine 1987) . Thus the equilibria of isothermal systems can be used for determining the steady-state distribution function of collisionless stellar systems (Toomre 1982) .
With these considerations, recently Medvedev and Narayan (2000; hereafter MN) classified and derived analytically self-similar axisymmetric equilibria of a self-gravitating isothermal system. They presented two families of equilibria: (1) Cylindrically symmetric solutions, in which all quantities depend on the cylindrical radius only. (2) Axially symmetric solutions, in which the quantities vary as functions of the spherical radius and the co-latitude. In fact, these axially symmetric solutions are very interesting. These equilibria form a two-parameter family of solutions. One of the parameters depends on the rotation velocity and the other one controls the symmetry of the solution with respect to the equatorial plane. Nevertheless, this study like most previous work has focused on the case of axisymmetric equilibria of self-gravitating systems.The absence in the literature of nonaxisymmetric equilibrium solution suggests that a fresh theoretical approach is necessary.
Our motivation for this work is to determine nonaxisymmetric equilibria of self-gravitating systems. We extend the work of MN by obtaining nonaxisymmetric self-similar equilibria of a self-gravitating system analytically. Our nonaxisymmetric equilibrium configurations form a three-parameter family of solutions and in the case of axisymmetric equilibrium, these solutions reduce to the solutions of MN. Furthermore, we shall study the effect of magnetic fields on the axisymmetric self-similar equilibria solutions. Since we are interested in treating the problem analytically and for simplicity, we assume that the dominant component of the magnetic field is purely toroidal and the ratio of the magnetic pressure to the gas pressure, α, is spatially constant. MN showed that the non-rotating axially symmetric solutions form confocal ellipsoids or spheres. But we find that the non-rotating, magnetized, axially symmetric solutions tend to the cylindrically symmetric structures. However, the equilibria of axially symmetric systems both with rotation and toroidal magnetic field yield ellipsoids or spheres only when the ratio of rotation velocity to the sound speed is taken to be √ 2α. In §2, we present the general formulation and basic assumptions. We derive a three-parameter family of nonaxisymmetric self-similar solutions in §3 and investigate the properties of these solutions in §4. We summarize our results in §5.
GENERAL FORMULATION
We present here the basic equations used to describe the equilibrium structure of a rotating self-gravitating system permeated by a toroidal magnetic field. We assume that the medium is an isothermal ideal gas and the magnetic field is frozen into the gas. However, the assumption that the system is isothermal is good for low-density region. In spherical coordinates (r, θ, ϕ), the basic equations are magnetohydrostatic equation, the Poisson equation and the equation of state:
where ρ, p, v ϕ , c s , B ϕ and Ψ denote the gas density, pressure,toroidal component of the velocity due to the rotation, sound speed, toroidal magnetic field, and gravitational potential, respectively. We assumed that the entire system is rotating around a common axis which specifies the axis of the spherical coordinate system. It is clear that if Ω denotes the angular velocity, then v ϕ = Ωrsinθ. We note that purely toroidal magnetic field under the cylindrical symmetry, B ϕ (r, θ), automatically satisfies ∇.B = 0 . Also, the rotation velocity, the density and gravitational potential, in general, are functions of r, θ, and ϕ. Solving equations (1) to (5), in general, is a difficult work. Thus to simplify the problem, we need another constraint. As for molecular clouds, observations suggest that the magnetic field strength often varies with the density roughly according to B ∼ ρ 1 2 (e.g., Heiles et al. 1993) . It implies that the ratio of magnetic pressure to the thermal pressure, α, is spatially constant:
where in molecular clouds observations show that 0 < α < 10 ( Heiles et al. 1993 ). For our problem we use it as a free parameter. By changing the value of α, the effect of purely toroidal magnetic field on the equilibrium state of self-gravitating systems can be studied. It must be noted that by using this constraint we can investigate effects of magnetic field only on the axisymmetric solutions. In fact our nonaxisymmetric solutions are nonmagnetized. Now, we introduce the dimensionless variables according to
By transforming to dimensionless variables and using equation (6), equations (1) to (4) are rewritten as the following:
By substituting equations (9), (10), and (11) into equation (12) we obtain
It would be difficult to study systematically the very large space of all possible solutions of these equations. In fact, we need some information about the density, ρ, and the rotation velocity, v ϕ . For example, by knowing the form of one of the variables it is possible to find another variable. But here we are interested in self-similar solutions which will be studied in the next section. These solutions are interpreted with much less effort than would be involved in a direct attempt to solve the full set of partial differential equations.
SELF-SIMILAR SOLUTIONS
We introduce the self-similar forms for the density and the rotation velocity as
where ν 1 , ν 2 , and f (θ, ϕ) to be calculated. The same self-similar solutions for the axisymmetric case has been introduced by MN. Their angular part of the density distribution was a function of θ only. Since we are going to study the nonaxisymmetric solutions, the angular part of the density is a function of both θ and ϕ. Substituting the self-similar forms into equations (13) and (14), we obtain
and f (θ, ϕ) can be found by solving this equation:
This is the main equation which must be solved. We note that for the nonmagnetized and axisymmetric case, this equation reduces to the equation which has been solved by MN. To solve equation (17), we use transformations which are equivalent to Howard's transformation used by Toomre (1982) and MN. First, we rewrite this equation as follows,
Upon introducing a new function, w, and a new independent variable, ξ, as follows,
equation (18) is greatly simplified and becomes
This equation is similar to the Lane-Emden equation which has been written in cartesian coordinates. Schmid-Burgk (1967) and independently Stuart (1967) presented an interesting two-dimensional solution of the Lane-Emden equation in cartesian coordinates. Thus, in analogy to their solution we can write an analytical solution for equation (20),
where a, b, and C are free parameters. Recalling the transformations (19), we finally obtain an analytical solution,
This solution can be simplified further and the densiy becomes
where A = 2a, B = e 2b , and −1 < C < 1. This solution describes the nonaxisymmetric density distribution of a self-gravitating system. It is clear that to obtain the nonmagnetized axisymmetric equilibria we must set α = 0 and C = 0 and our solution reduces to the solution of MN. Equation (23) presents a three-parameter family of solutions (note that for nonaxisymmetric we must set α = 0) and is smooth and well-behaved for all values of θ and ϕ in the domains 0 < θ < π and 0 ≤ ϕ ≤ 2π. However, the equation is ill-defined at r = 0 or θ = 0. We can investigate if a singular solution exists at the origin or on the axis. Using Gauss'theorem, MN calculated these additional mass densities for the case of the nonmagnetized axisymmetric equilibria. The reader is referred to MN for a full derivation. Following MN, we find that our solution has no singular mass at the origin. But the requirement of a non-singular density on the axis gives,
This equation shows that the rotation velocity and the magnetic field determine the value of A. Thus, the solution (23) becomes
where
Since the exponent of tan θ 2 determines the overall shape of the density distribution, equation (26) is very important. In the next section we study the properties of the solutions.
PROPERTIES OF THE SOLUTIONS
Since a real self-gravitating system is finite, we truncated the system by an external pressure. The external medium is assumed to be non-self-gravitating and of negligible density. In this way we can define the surface of the system. If p s represent the external pressure in a nondimentional form, we obtain the equation of the surface
Notice also that for α = 0 and C = 0, this equation reduces to the solution which MN obtained. As equations (24) and (26) show, the rotation velocity, v 0ϕ , and the ratio of magnetic pressure to the gas pressure, α, determine the values of A and A ef . But it is possible to make another constraint: Since we are interested in the solutions which have no discontinuity on the surface, we accept those values of A that r s (θ, ϕ = 0) = r s (θ, ϕ = 2π). Thus,
where ν is a positive integer. So only a limited number of values of v 0ϕ and α gives acceptable values of A.
As mentioned before, the value of A ef determines the overal shape of the system. For the nonmagnetized case, we have A ef = A. So, only the rotation velocity determines the value of A. As the v 0ϕ increases, the value of A becomes larger. Equation (26) shows that as α increases, the value of A ef decreases. It seems that a purely toroidal magnetic field with a constant ratio of the magnetic pressure to the thermal pressure essentially cancels the effects of rotation. With these considerations, we focus this current discussion on nonmagnetized and magnetized solutions.
Nonmagnetized Equilibria
First, we study the nonrotating solutions: A ef = A = 2. The solution (27) reads
Note that the case C = 0 and B = 1 corresponds to a prolate ellipsoid and if B = 1 this ellipsoid reduces to a singular sphere. These axisymmetric equilibria have been studied extensively by MN. They showed that the solutions with B > 1 determine prolate configurations which are shifted upwards along the z axis and those with B < 1 are shifted downwards. So, the parameter B controls the symmetry of the solutions with respect to the equatorial plane. It can easily be verified that the general case C = 0 and B = 1 represents a family of ellipsoids. By rotating the coordinate system (x, y, z) about y axis from the positive direction of z axis to the positive direction of x axis we can define a new coordinate system (X, y, Z). Assuming that ω is the angle of rotation, upon straightforward but cumbersome algebric manipulations, we can rewrite equation (29) in a new coordinate system (X, y, Z)
and
Equation (31) shows that the case C = 0 and B = 1 represents a family of ellipsoids, with traces on the y − z and x − z planes which are ellipses and traces on the x − y plane which are circles with centers at origin.
Since r s (θ) is not invariant under the transformation θ → π − θ, this configuration is not symmetric with respect to the equatorial plane.On the other hand, the case B = 1 and C = 0 corresponds to a family of ellipsoids which are elongated along the x axis and r s (θ, ϕ) is invariant under the transformations θ → π − θ and ϕ → ϕ. Thus, the equatorial plane is the symmetry plane and projections of these ellipsoids onto the y − z plane are circles with centers at origin. In fact, the general solution (27) shows that r s (θ, ϕ) is invariant under these transformations only for B = 1. So, the parameter B in our nonaxisymmetric solution controls the symmetry of the solutions with respect to the equatorial plane.
As mentioned before, we restrict our study only to the solutions which have no singular mass on the axis. This constraint gives A 2 or ν 1; note that the case ν = 1 has already been studied. For C = 0 and A > 2, equation (27) corresponds to a family of toroidal structures in which the parameter B determines the asymmetry of these equilibria with respect to the equatorial plane. In this case, as A increases, the systems become flattend and tend to a disk. It seems that in our solution the parameter C alone determines the asymmetry of the system with respect to the z axis. Although it is true, the parameter A (or ν) is also very important. We see that the equation (27) is invariant under the transformations θ → θ and ϕ → π + ϕ only for even values of ν. Therefore, in the case C = 0 we may have configurations which are symmetric with respect to the z axis. The rotation velocity has a fundamental role in determining the overal shape of the density distribution. For small values of C and A > 2, the toroidal equilibrium structures are elongated in some directions. We refer to these elongated parts to as knobs. As discussed above, the number of these knobs depends on the rotation velocity. For example, the case A = 8 (ν = 4) represent a toroidal configuration with four knobs. With increasing C and tending the parameter to the unity, these knobs become larger and the toroidal part becomes smaller.
Magnetized Equilibria
It is useful to study the effect of the magnetic field on our solutions. We postulated that the magnetic field structure is purely toroidal and corresponds to that of constant ratio of the magnetic pressure to the thermal pressure. Although purely toroidal fields are probably far from reality, this is the best way to investigate the effects of the magnetic fields on the equilibria analytically. Now, we consider the effects of the magnetic field on axisymmetric solutions: C = 0. Equation (26) shows that a nonrotating system always has A ef < 2 and the value of A ef decreases with increasing the strength of magnetic field. While the nonrotating and nonmagnetized systems are ellipsoids, the nonrotating and magnetized systems tend to the cylindrically symmetric configurations. Also, if we consider rotation such that v 0ϕ < √ 2α, the system has cylindrically symmetric structure. If v 0ϕ = √ 2α, we have A ef = 2 and the equilibria are like those which have been investigated in the previous subsection for the case C = 0. Finally, the case v 0ϕ > √ 2α and C = 0 corresponds to a family of toroidal configurations. We know that as v 0ϕ → ∞ the equilibria tend to a disk. However, the magnetic field decreases the effect of rotation and in this case it causes the system to become a toroidal structure not a disk.
DISCUSSION AND SUMMARY
Self-similar equilibria of a self-gravitating rotating system containing a purely toroidal magnetic field has been investigated. A three-parameter family of solutions for nonmagnetized self-gravitating systems have been found. By assuming that the ratio of the magnetic pressure to the gas pressure, α, is spatially constant, the axisymmetric solutions were generalized so that the effect of the magnetic field could be studied. We have shown that, depending on the values of these parameters, the overall behavior of the density distribution changes.
As equation (25) shows the parameters A or A ef determine the overall shape of density distribution. We showed that only a limited number of values of v 0ϕ and α give acceptable values for A or A ef . Since for nonmagnetized solutions we have A = A ef , as the value of rotation velocity increases, the value of A becomes larger. Equation (25) shows that for A > 2, the toroidal equilibrium structures have knobs and the number of these knobs depends on the rotation velocity: as rotation velocity increases, the number of the knobs increases. It is interesting that in the case C = 0, some values of A construct equilibrium configurations which are symmetric with respect to the z axis.
Also, an effect of purely toroidal magnetic field on the axisymmetric solutions has been studied. We assumed that the ratio of magnetic pressure to the thermal pressure, α, is spatially constant, since we found this case to be integrable analytically. We showed that nonrotating and magnetized systems tend to the cylindrically symmetric configurations. On the other hand, MN showed that the nonrotating and nonmagnetized systems form ellipsoids (or spheres). If a system rotates such that v 0ϕ < √ 2α, the system has a cylindrically symmetric structure. But if v 0ϕ = √ 2α, the systems form ellipsoids or spheres. For v 0ϕ > √ 2α the axisymmetric equilibrium corresponds to a family of toroidal configurations. In fact, the magnetic field decreases the effect of rotation.
MN proved that the axisymmetric solutions with B = 1 are not force-free at two singular points, r = 0 and r = ∞. In fact external forces hold the axisymmetric system in equilibrium. Are the nonaxisymmetric equilibria likely to be not force-free at singular points? Although we did not investigate this problem, it is likely that the nonaxisymmetric solutions are also not force-free at singular points.
Also, one should perturb the self-similar equilibria and investigate their stability. The possibility of gravitational instability and its nonlinear consequence should be considered. Particularly, the nonaxisymmetric equilibria may fragment due to the gravitational instability and multiple stellar systems may form.
